PRINCIPALLY SPECIALIZED CHARACTERS OF s[(m|l)-MODULES 
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o 

' Abstract. In this paper, we calculate a series of principally specialized characters of 

^ the sl(m|l)-modules of level 1. In particular, we show that the principally specialized 

Q^l characters of the basic modules £(Ao) is expressed as an infinite product. In addition, we 

• deduce the specialized character formula of "quasiparticle" type. 

0. Introduction 
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Character formulas of basic representation of s\{m\n) are given in QKW2| ], based on 
their explicit construction in terms of bosonic and fermionic fields. 

In this paper, we calculate the principally specialized characters of some sl(m|l)- 
modules. In §|], we describe that the principally specialized characters of the basic 
sl(m|l)-modules L(A ) is expressed as an infinite product. In we deduce the spe- 
cialized character formula of "quasiparticle" type. 



We follow notation and terminologies from [ |KW2| ] without repeating their explanation. 



1. Specialized character formula for some series of s[(??t.|1)-modules 



Throughout this paper, we assume that m > 2 and let a , . . . , a m denote the set of 
simple roots for sl(m\l) where a and a m are odd and a^i = 1, . . . , m — 1) are even. 
Provided that all Sj are positive integers, the sequence s = (s , . . . , s m ) defines a ho- 
momorphism T s : C[[e~ a °,... ,e~ Qm ]] — > C[[q}] by jF s (e _Q!i ) = q Si (i = 0,... ,m), 
called the specialization of type s. In this paper, we consider the specialization of type 
s = (1,... ,1,0) which makes sense for the characters of integrable representations, and 
we write simply T for this specialization T s when no confusion can arise. 
Since the set of simple roots for the even part of gl(m|l) is 

IT = {a' = a + a m , a u . . . , a m -i}, 

this specialization is the principal specialization with respect to the even part of g[(m|l); 
namely 

F{e- a '°) = ^(e^ 01 ) = ■ ■ ■ = ^(e^- 1 ) = q. 
We recall the Fock space and its charge decomposition: 

F = ©, c zF, 



from §3 of \KW2\ 
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Lemma 1.1. Let m > 2, s E Z. Then we have: 

(a) g ^He- A °chF s ) +q- s ?T(e- A °chF_ s ) = glB^L^ . 

(b) ^(e- Ao c/iF s ) = T{e-^chF m ^ s ). 
Here and further <p(q) = YlJLi(l ~ (Z'O- 

Proof. In the case g[(m|l), the formula (3.15) in [ |KW2| ] gives the following: 

chF ^ ft nr=l(1 + zeU ~ {k ~ i)S ^ + z- 1 ^-^ 5 ) (L1) 

J-l _ ze e m+1 -(k-±)5^i _ z -l e -e m+x -(k-\)8^ ' 

where 2 is the "charge" variable. 

Since a = 5 — e\ + e m+ i and = — e i+ i, (z = 1, . . . , m), our principal special- 
ization T = T s is written in terms of e _<Ei as follows: 

T{e~ ei ) = q m -\i = 1,... ,m), ^( e - £m+1 ) = 1. (1.2) 

Thus, we obtain 

(i + ^ fc -f)(i + ^-V- 1+ f) 

fc= 



00 



J (1 - ^g m ( fc -5))(l - z -i g m ( fc -D) 

= tt i 1 + N^g^X 1 + (a" 1 ^)^) 
ii (1 + (-^- 1 )g m(fc -^ ) )(l + (-z)q m ^) ' 

In order to compute the coefficient of z s , we use the Jacobi triple product identity: 

00 1 

+ zq n -h){l + z" 1 ^*) = __ ^ ^g3i a , (1.4) 

n=l tKH) j eZ 

and also the following well-known identity (see (5.26) in [ ]KX^ ] and §5.8 in QK4P): 

00 -m(m+l) 

n<i + «t+r\i + *-v-»r' = S(-ir : ij— T 

fc=l ^ w mez y 

= V^y 2 ((-l) m+fc ^ fc g^ m(m+1)+(m+ ^ )fc ) . (1.5) 

\m,fc>0 m,k<0/ 

Replacing 2; by zq^^ in fll.4|), z by — z^ 1 and g by q m in (|1.5|), we rewrite the right side 
ofQby 

Me-^chF) = -—l——Y(Y - Y )(-l)»^-^^(*+D-^+T^+i)+-(a+i)P 
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and thus we have 

F(e- Ao chF s ) = - m)2 (^2 - J2)(-l)\^ +s) ^ +s+1) ~ S?+ ^ a[a+1)+map - (1-6) 
^[QJfKQ ) ap > ap<0 

For convenience, we introduce the following functions: 

fj a ,p) = (-l) a gl(P+ s )(P+ s + 1 )- £ ? i + f a(a+l)+map ^ 

hs = (J2 " Z))/-(a.P)- (1-7) 

a,p>0 a,p<0 

To prove this lemma, it is sufficient to prove the following two equations: 

(a') q™h s + q-^h. s = 2<p(q) UZii 1 + <?Y- 
(b') h s = h m -x-s- 

First we shall prove (a'). 
Since / s (— a, — p — 1) = q~ sm f^ s (a,p), we have 

E fs{a,p) = E /.(-«> -p - 1) = <r sm E 



a >° a,p<0 a,p<0 

p>0 



Hence we obtain 



^ = E^( a 'P) + E^( ' p ) _ E /«(°>p) 

a>0 p>0 a,p<0 

p>0 

a,p<0 p>0 a,p<0 



We then have 



q \sm hs = q -± sm J- f- s (a,p) + q^ sm Y,fs(0,P)-<l 1 > sm E /»( a 'P)" (L8) 

a,p<0 p>0 a,p<0 

A straightforward computation replacing s by — s yields 

q-* m h. M = g*«™ E /-( fl »P) +ff" W Z)/-.(0.1») E ( L9 ) 

a,p<0 p>0 a,p<0 



By (jug) and flop , we obtain 

gi sm /i s + q-h^hs = 2J2^ P(P+1) - (1.10) 

p>0 

It is known (see e.g. §5 in [ |KW1| ]) that the right side of fll.lOp has the following product 
expansion: 

I - a 2k ^ 

1 y _/_att/i , „,i\2 



E****" =11 = ^(») lid +» 

p>0 

and hence (a') follows 



Q 

p>0 k>l * i=l 



Next we shall prove (b'). 
Since f s (—a — 1, 0) = —f s (a, 0), we have 

fs(a, 0) = fs(~ a ~ !> °) = - E /-(°' °)- 

a>0 a<0 a<0 

Hence we obtain 



a>0 a>0 a,p<0 
p>0 

a>0 a<0 a,p<0 
p>0 



a>0 a<0 
p>0 p<0 



Replacing a by — (a + 1) and p by — p, we have 
= J2)fs(-a-l,-p) 

a,p<0 a,,p>0 

_ — ^_iy+lg(-p+s){-p+s+l)-sm+^a(a+l)+m(a+l)p 

a,p<0 a,p>0 

= - ^ )(-l) Q g^(P- ;i )(P- s - 1 )- £ f + f a(a+l)+m(q+l)p_ (1.11) 

a,p>0 a,p<0 

Replacing s by m — 1 — s in ( |1 . 1 1[ ) and comparing it with (|L7|), we get (b'). □ 

Using Lemma [TTT] inductively, we have the following. 
Proposition 1.2. Let m > 2 and k £ Z + . TTzen we /zave 

^(e-^c/iF^+D^x)) = ^■(e- Ao cfeF_ fc(ro _ a) ) 

\j\<k ' 



Proof. By Lemma [TTT] , we get the recurrence formula 

^(e-^i) = ^ ( mr ;f^/ )2 - ^He- A °chF s )^ . (1.12) 

m(m — 1) 

We now set for k £ Z, s = k(m — 1) , x = q 2 and 

ff fc - T[e chF Hm -i)) y ^-^y 2 J ■ 

For the proof of this proposition, it is sufficient to show that 

H k+l = x k (j2(-l) k - j x k2 - j2 \ keZ + . (1.13) 

\j\<k ' 
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We shall show fll.l3| ) by induction on k. Using these notation, ( |1.12[ ) is rewritten as 

H k+1 = x k (2-x k H k ). 
Assume that ( |1.13[ ) is true for k — 1. Then we obtain 

H k+1 = x k {2-x k -x k - 1 ( (-l)^ 1 ^- 1 ) 2 ^ 2 )} 

b"l<fc-i 

lil<fc-i 

= x fc (^(-l) fc -V 2 - j2 ), 

\j\<k 

proving the proposition. □ 

We consider principally specialized characters of sl(m\ l)-modules L(A( S )) where A( s ) are 
defined in Remark 3.2 of [ |KW2| ], given by 

A s if < s < m 

A( s) = ^ -(s - m)A + (1 + s - m)A m if s > m (1-14) 
(1 - s)A + sA m + s5 if s < 0. 

Theorem 1.3. Let m > 2. Then we have the following: 

(a) For A = A or A m _i, we have 

He- A chL(A)) = UZl ^f )2 - (1-15) 

(b) For A = {k(m - 1) + 1}A - k(m - l)A m (k E Z), we have 

He- A chL(A)) = { £ (-l)^ 2 - 2 ^) 11 ^^. (1-16) 

lil<l*l ^ W j 

iVoo/ To prove (a), we let k = in Proposition |L2[ Then, since c/iF s = (p(e~ s )~ 1 chL(A^) 
and A( ) = A , we get 

Since A (m _ 1) = A m _i = A - a m , we have 
and hence 

^(e- A - 1 c/iL(A m _ 1 )) = ^(e- Ao c/ i L(A (m _ 1) )) 

_ n^i(i + <t? 



which is (a). 

To prove (b), we let A = {k(m — 1) + 1}A — k(m — l)A m for k e Z. First we consider 
in the case k E Z + , since A m = A — ^ty«i — • ^-a m and by ( |1.14[ ), it follows that 

and hence we obtain 

^(e- A c/iL(A)) = ^(e- A (-^-i )) C / i L(A ( _ fc(m _ 1)) )) 

fcm(m— 1) a 

= g ^J !r (e~ Ao c/iL(A ( _ fc{m _ 1)) )) 

b1<fe ^ w 7 

In the case k < 0, the same discussion as above yields 

;F( e - A CC-*+i)(— !))) =^(e _A ) = Tie-^q ^^ , 
and hence we obtain 

^(e- A c/iL(A)) = ^(e- A ((- fe + 1 )(- 1 ))c/ i L(A ({ _ fc+1)(m _ 1)) )) 

km(m— 1) . 

= 9 5 ^"(e" °cfeL(A((_ fc+1 )( m _ 1 )))) 



j\2 



A 2 



= ( v r } )k-.ij^~p)^^i\ UZA 1 + g 

\j\<-k rKH ' 

which is (b). □ 



Remark 1.4. This is an additional remark to Theorem |1.3|. 

We consider an asymptotic behavior of principally specialized characters J r (e~ A °chL(A )). 
We shall write f(r) ~ g(r) if lim r j_ / (t) / g(r) = 1, where r J, means that r = 

rj,0 

zT (T > 0) and T -> 0. 

It is known (see e.g. (13.13.5) in QK3Q) that the asymptotic behavior of the Dedekind 
//-function 



rj( T ) = q*<p(q) = q™J[(l-q n ) (q = e 2 



2-KlT \ 

> - y ; \i = f 

n=l 

is given by 



and so 



rj.0 



<p(g) = q 24 r](r) ~ (— ir) 2 e~ 
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^From this assertion, we have 



and hence 



1 HI 

F(e- A »chL(A )) ~ - ■ 5C T -z- 
T J- U (—wit) 2e i2»»t 



771 / . 1 2tH m + l 

— zr) 2 e t 24m . 



By applying the Tauberian theorem(see [|] and Proposition 4.22 in [|KP|]), we have 

1 / s 1 «r /2 m+l „ 

a n ~ -^(m+lJe'vs— n 
n-+oo 8y3n 

where ^(e- A »c/ i L(A )) = £~ a„ g n . 

Next, we consider for principally specialized characters of some series of level 1 inte- 
grable modules. By Theorem [T3| , we have for A = A m _i or {k{m — 1) + 1}A — k(m — 

i)A m (k e z), 

F{e- A chL{A)) ~ ^(e- Ao c/iL(A )) 

tJ.0 



771 1 2tti m+l 

— — ir)2e t 24m . (1.17) 

The formula (4.12) in PCW2Q is the asymptotics of the basic specialization (the special- 
ization of type (1, 0, . . . , 0)) of sl(m|l)-module L(At s -\). The formula which is obtained 
by replaced r by mr in (4.12) of [|KW2[] coincides with (|1.17[). 



2. Specialized character formula of "quasiparticle" type 
Proposition 2.1. For m > 2 and s G Z, we have 



a(a + l) 6(6-1) 
— — ■ — ' - 1 '- cm 



-Ao„ h r?\-„-*? v 2 g 2 g 

7 m 



F(e- Ko chF a ) = q-^ V 



a — fe+c— d=s 



//ere and further (q) n = YYj=i(l ~ </0- 

Proof. This formula is shown just by the same argument as that in the proof of the 
formula (3.14) in QKW2[ ], by making use of a basis of F s : 

i i)---(^ (m) i ■■■^ {m) i) 

— (j'ljl - • 2) • (il ,u| ■ 2 ) — (jm,l~ 2) — (im.dm - 2) 

x(^, _x,--^ _ 1) )---(^7jr _v"V«; 
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satisfying 

< j it i <■■■< j i>ai ,0 < <■< 3'ijbi ( i = 1 > 
< An < • • • < k e , < k' x < ■ ■ ■ < k' d 



and 



where a = £\ a h b = J2i h 
Since 



a — b + c — d = s 



weight (ip^) = e i + k8, weight (V>£ ) = ~ e i + k5, 
weight (ipj^) = e m+ i + kS, weight {(p^*) = -e m +i + k8, 



and (1.2), we have 



for i = l,... , m and j e N. 
Hence we have 

i+f-i)+-+(ii,+ 2 



T{e-^chF s ) = E ( E q^-f)+-+^-^ ( ^ q& 

a,b,c,d£% + ^0<il<---<i a ' ^ 0<j!<---<j b 

a — b-\-c—d=s 

^0<fci<---<fc c ' ^0</i<-<'d 



(mii-?)+-+Hd- 
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X 



E ( E ^ + - +ia j(?- 6 E K 

a,b, c ,dez + ^0<ii<-<i a ' ^ 0<ji<—<jb 

a—b-\-c—d=s 

^0<fci<-<fc c ' ^ 0<l 1 <-<J d ' 
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E 

proving the proposition 



a,b,c,d£Z_|_ 
a— 6+c— d— s 



(?)a (q)b (q m )c(q m )d 



By Theorem [L3| and Proposition we also have shown 



Corollary 2.2. For m > 2, the following formula holds 

ili=i( 1 + ?) q 2 q 2 q cm 
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